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This thesis is respectfully dedicated to the memories of 


my grandfather, S.M. Narayanaswami Iyer, and my friend, T.V. Srinivasan. 


"Full many a gem of purest ray serene 
Do the dark unfathomed caves of ocean bear, 
Full many a flower is born to blush unseen 


And waste its sweetness in the desert air." 


(T. Gray, Elegy) 
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ABSTRACT 


We investigate in this thesis the properties and the extremal 
structure of the range of a vector measure. Let v be a measure defined 
on ao ~- algebra A of sets and with its values in a real Hausdorff 
quasi - complete locally convex space X, and let d be a finite positive 
measure on A that controls v, i.e. v =i. 

Let. v have any property hereditarily if it is possessed by 
the restriction ee of v to every Ac A. Extending Liapounoff's theorem 
to infinite dimensions, we obtain some necessary and sufficient con- 
ditions for v to have hereditarily convex range, e.g. when v is semi-~ 
convex, i.e. when, for every Ac A, there exists B « A, B ¢ A such 
thee oR) = (1/2) v(A), and v is proved to have hereditarily weakly 
compact range if and only if the non-atomic part of v is semi-convex. 
These may be compared with a theorem of Kingman and Robertson. When 
X is Banach, the range of v is proved to be relatively compact if and 
only if there exists a sequence (x, } in X and a sequence tA, 5 of sets 


in A such that the series f x Ay converges to v uniformly on A, 
: 3p 
This extends the necessity part of the following result of Bolker to 
Banach spaces: When X is finite-dimensional, a compact convex set in 
X is the closed convex hull of the range of a measure if and only if it 
is the limit in the Hausdorff metric of finite sums of segments. 

Let K be the closed convex hull of the range of v. Every 
extreme point of K is proved te be strongly extreme, and that it is a 


support-point of K when X is Banach. When X has a weak*-separable dual 


and v is non-atomic, we obtain the following extension of another theorem 
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of Liapounoff, who proved it in finite dimensions: A point of XK is an 
extreme point of K if and only if it is assumed by Vv once and only once. 
When X is a Fréchet space, we find a sufficient condition (that always 
holds in finite dimensions) under which the set of extreme points of K 
is closed. 

The exposed points of the range of v are proved to be strongly 
exposed. An element x' of the dual X' of X is proved to expose the 
range of V if and only if the signed measure x*oy =v, and when X is 
Banach, this yields a theorem of Rybakov. If K is a weakly compact 
convex set in a Banach space X of which every exposed point is strongly 
exposed, we prove that the functionals x' « X' that expose K form a 
residual Gs subset of X' whenever it is dense in X'. This yields the 
following theorem due to B.J. Walsh: When X is Banach, the functionals 
x’ <€ X" for which x'ov = v form a residual Gs subset of X'. 

We further study properties of v as a map relative to the 
Fréchet-Nikodym topology on A induced by any control measure of v, and 
prove that every finite dimensional non-atomic measure is open and 


monotone, whereas an arbitrary finite dimensional measure is biquotient. 
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CHAPTER I 


INTRODUCTION 


ee eee 


1. Introduction. The present thesis is devoted to the properties of 
the range of a vector measure together with its extremal structure. 
We also obtain here some properties of the measure as a map relative to 
a suitable topology on its domain. 

Let yv be a measure defined on ao - algebra A of subsets of 
some set S and with values in a real Hausdorff locally convex space X. 
We assume y to be controlled by some finite positive measure \} on A 
(i.e. v = X) which, according to the theorem of Bartle - Dunford - 
Schwartz [3], is always the case when X is normed. Let A itself denote 
the quotient o - algebra of A modulo the o - ideal of v-null sets. 

‘We first study in section 3 the properties of v as a map. 
Let p be the Fréchet - Nikodym metric on A induced by i, viz. (A,B) = 
A(A A B) for every A, B ¢ A. The topology induced by this metric on 
A is independent of the choice of i and v: A> X is continuous relative 
to this topology. 

When-v is finite-dimensional and (purely) atomic, as proved 
by Halmos [14] and Marczewski and Sikorski [31], A is compact, and so 
v becomes closed. In case v is finite-dimensional and non-atomic, we 
prove in Theorem 3.6 that v is always open. An arbitrary finite- 
dimensional measure is proved in Theorem 3.7 to be always bigueatenus 

The measure v' has been called by Halmos [15, p.417] semi- 


convex if for every A « A there exists B « A, B ¢ A such that 
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WEB) = *CL/ 2) w(A) . “In Proposition 3.8 we prove that a semi-convex 
measure is always weakly monotone. A finite-dimensional non-atomic 
measure is shown, on the other hand, to be monotone. 

We next investigate in section 4 properties of the range of 
we Lhe siaret Peeeit in this direction is due to Liapounoff [27], who 
proved that the range of every finite-dimensional measure y is compact, 
and it is further convex when v is non-atomic. Several simpler proofs 
of this theorem have since appeared, see e.g. Halmos [15] and 
Lindenstrauss [30]. Later, Liapounoff [28] gave an example in L, to 
show that the above results do not hold in infinite dimensions in 
general. 

let. v.-have, any,,property P hereditarily if it holds for the 
restriction v, of v to every set A «€ Awe hor every. x’. in the dual Xx’ 
of) .X  slet, fs denote the Radon-Nikodym derivative of x'+v relative to 
4. Extending Liapounoff's theorem to infinite dimensions, Kingman and 
Robertson [21] proved that v has hereditarily convex and hereditarily 
weakly compact range if and only if the subspace Lf an oe ee LOL 
L,Q) is thin [21]. In Theorem 4.2 we give some necessary and suffi- 
cient conditions for v to have hereditarily convex range, e.g. the 
semi-convexity of v, and the range of v is hereditarily weakly compact 
according to Theorem 4.3 if and only if the non~atomic part of v is 
semi-convex. When X is Banach, we further obtain in Proposition 4.4 
a sufficient condition for ithe range of v»tosbe, closed. 

In connection with Liapounoff's theorem, Bartle, Dunford and 
Schwartz [3] proved, on the other hand, the range of v to be relatively 
weakly compact whenever X is Banach. This remains valid for a quasi- 


complete X as proved by Tweddle [44]. For some further results in this 
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direction see Lew [26] and Hoffman-J¢rgensen [17]. When X is Banach 
and v is a Bochner integral with respect to a finite positive measure, 
Uh1 [46] proved that v has relatively compact range. 
Let X be Banach and [|v be the Pettis norm of v , viz, 
P 
sup {||v(E)|| : E « A}. In Theorem 4.5, we prove that the range of 
v : A+ X is relatively compact if and only if there exists a sequence 


{x,} in X and a sequence {A,} in A such that: thesseries ,.2 eT 
i=1 ie 


converges to v in the Pettis norm. It follows that the range of v is 
hereditarily compact if and only if its non-atomic part is semi- 
convex and has a representation as above. 

In case of finite dimensions, Bolker [5] has established the 
following characterization of the range of a measure: A compact 
convex set K is the closed convex hull of the range of a measure if and 
only if it is the limit in the Hausdorff metric of finite sums of 
segments through the origin. According to Theorem 4.5, the necessity 
part of Bolker's theorem remains valid in infinite dimensions. 

Chapter III is devoted to the extremal structure of the 
range of a measure. In this direction, ee it was Liapounoff 
[27, th. 3] who proved for finite~dimensional non-atomic measures Vv 
that a point of the range of v is its extreme point if and only if it 
is assumed by v only once. 

Let X'* denote the algebraic dual of X' and let T be the 
weak integraliap 16, pp. 02] ¢ l=) rdv of LCA) tok *.. Let 
further T, be tne Trestricrion of Ty to*the set P of functions. ¢ in 
Li CA) for which 0 =) s 1 A - almost everywhere. ThenT.(P) is the 


o(X'*,X‘) - closed convex hull of v(A) and we call the extreme points 
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of TsGe) the extreme points of the range of Vv. 

In Proposition 5.1 we prove that a point in X'* is an extreme 
point of the range of v if and only if it is assumed by T, once and 
only once on characteristic functions of sets in A. The following 
result of Kluvanek [24, th. 2] follows as a corollary: The range of 
a controlled measure v contains all of its extreme points. In 
Proposition 5.2 we obtain the following extension of Liapounoff's 
result: When X' is weak* - separable, a point in X ° is an extreme 
point of the range of a non-atomic measure Vv if and only if it is 
assumed by Vv once Be only once. 

When X is quasi-complete, every extreme point of the range 
of v is proved in Proposition 5.3 to be strongly extreme, and it is 
further found in Proposition 5.5 to be a support point of the closed 
convex hull of v(A) when X is Banach. These properties do not hold 
for arbitrary weakly compact convex sets even when X is Ly or L, 

[37 p. 753; 7, p. 160]. When X is Fréchet, the set of extreme points 

of the range is further proved in Proposition 5.7 to be closed whenever 
T.o is open relative to the LL, O - norm topology on its domain, as 

is always the case when X is finite-dimensional. 

Coming now to exposed points, we prove in Proposition 6.3 
that when X is quasi-complete, the range of v and its closed convex 
hull have the same exposed points, which in turn are found in Theorem 
6.4 to be strongly exposed. This again does not hold for arbitrary 
weakly compact convex sets even in L, [297 3 olao). ine Theorem’ 6.7 
we extend a result of Husain and Tweddle [18] on extreme points of the 


range of restrictions of v to their exposed points, 


ae ey 

nas wy ab eho reas! nergy oh Ee ade 
line whan -T. “0 Japon al rare oN mates, tae wh 
gutaptien ant - a at Babs 30 ahotyenud aie 

to opie | eur ivaetiowe & 4 eee flv iS, we ou 
pr’. asin emer etre a ae ante v saumahin qT) “0 

wo Vhemyogai Go violepsdey aragot rad en sie nate: me Lae ape 


' (4 
eran op -o! x al set) pooh 340 On md tiboadr ‘ek a aah 


pas . 


cS i vie ime 
-t Aa | CLA bine 3° oy weiter oiao dn Math yf te aes ald: ase 
yi) “hap Fa yotie, ¥ ee} 
>a 
‘ 
as ae 4 hie, a1 » rf TIAO Ae ee ais = iy dian ni a a iv § 


ek 22 iis, .ouorse yigarise od 49/648 neo asa ey eves, wy 
bamifs ada Ao tatog gacqaripe $8 dpe Tye rine nape, nt i908 ; 

7 

Hiod atu ed aatoysao1g cener disgnke gf % act) yr, 40 a . 

© 7 eet 4 fiber never aye WBN, Jonge» Cee sonnei i a 

edaiae onere ae te) Jan owls jastobat wl 2 itt BL. .y a ooh 8 Me 

teyeradw ‘Weasels ad .05 Ne g aka caqgat wi heiye sand 4002 ee ne 

Ris tit oooh, ar, Pe Rant igs at Bor 7 Q ae wi, degaabine, abi 

shacohinonith-sahig ‘an ® “titel aan orlit orev: a ab. 

£4 aotrteogoy wn svorq ‘aw: grant: penn qace or won gaidmed Loe _ ve 


q 


xevtI@S hewnt's Bis bne ¥ Fo ies ae ah anit Ninos ab & as 


i 


‘ * 


 wnonrtt At bse, ate mths aby | bi <diduaae ts sas mt vas a 


02 ‘ito dan ab hag eal "eae ‘uprosme. ae 
~ ae bint 4 (Rr, 8k avn - Pe 

Pott : . 7 y 
wild Xe sae fan en , 


Finally, in section / we investigate the set of functionals 
x' € X' that expose the range of v. In connection with the Bartle - 
Dunford - Schwartz theorem on the existence of a control measure, 
Rybakov [39] has proved the following interesting result: When X is 
Banach, there always exists an x' € X' such that the signed measure 
x'oyv =v. This result has in turn been strengthened by Walsh [47], who 
showed that the functionals x' € X' for which the above holds form a 
residual GC. set in X' relative to the norm topology. 

We show in Lemma 6.1 that a functional x' € X' exposes the 
range of v if and only if x'°v = v, and the Rybakov theorem is 
deduced from this lenma. When a weakly compact convex set K in a 
Banach space.X has each of its exposed points strongly exposed, we 
prove in Theorem 7.2 that the set of exposing functionals of K is 
residual in X' whenever they are dense in X'. This yields, in part- 
icular, the above theorem of Walsh. When X is quasi-complete, we 
obtain, in Proposition 7.4, a sufficient condition for the range of 
v to have exposing functionals in terms of the Mackey - topology 


m(X,', X.), where X, is the linear span of the closed convex hull of 
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pAL Terminology and Notations 


2.1. When X is a topological space, the set of all non-void closed 
subsets of X is denoted by en If X and Y are topological spaces, a 
agp obs Yi ae is said to be Lower ae ean tations b2one Dis t/a, tf hor 
every y ¢€ Y and for every open subset U of X for which f(y) n U # 96 
there exists a neighborhood V of y such that f(z) n y # o for every 
zeV. | 

The wVietoris Cior finite). topology. [32] on as is generated 
by basic open sets of the form 


{F « at SWE Us > and F n U, #¢ for 1 sis n}, 


les 


where U, PS cu Open subsec ot x for i Ss i “=n, 

When (A) is a net of subsets of a topological space X, the 
imetsuperton (on limit inferior), [25, pp. 335, 337) of (A) is 
defined to be the set of all x € X such that every neighborhood of x 
intersects the net frequently (respectively eventually), and it is 


denoted by LsA, (respectively Lia). 


When (X,p) is a metric space, the distance of a point x € X 


from a non-void set A ¢ X is denoted by p(x,A). The Hausdorff distance 


[25, p. 214] d(A,B) between two bounded elements A, B of ox is 
defined to be tthe maximum of the following two numbers: 

max {p(a,B) + ae Aj and maxcce(b sA) 6b = Bo. 
We shall call A é 2X the Hausdorff limit of a sequence {A sin ae or 
d(A_ 5A) > 0 

When X and Y are topological spaces and f ; X + Y is con- 


tinuous and onto, f is said to be open if £(U) is open whenever U is 
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open in;X., The map £ is)further called biquotient [34] if for every 
y € Y and for every open cover U of £ {Ly} there exists a neighborhood 


Cc 


of y that is covered by finitely many £(U), Ue U. When f is not onto, 
we still call f£ open or biquotient if it is so with respect to the 
relative topology on f(X). 

The map f is further called monotone [49] if oy preserves 


connected sets, and weakly monotone [49] if pores is connected for 


every y <« Y. 


2.2. We denote by v, throughout this thesis, a measure (i.e. a count- 
ably additive set function) defined on a o - algebra A of subsets of 
a set S, and with values in a Hausdorff locally convex space (L.C.S.) 
Xsover the, field. R.of reals. 

The continucus dual of X will be denoted by X'. For every 
x' € X' the finite signed measure x'sv (denoted by Pai) has a bounded 
range, and so the range of v(A) is weakly bounded. By Mackey's 
theorem i p. 70], it is thus bounded. When X is Banach, the 
Pettis-norm of v is defined to be sup {|{v(e) | | : E « A} and denoted © 
by AOE Further, the variation [12, p. 97] and the semi-variation 
P12 5p .320] of Vv are, denoted by |v| and ||v|| respectively. 

The closed convex hull of the range of v will be denoted by 
K. Accerdine ts Mazur's theorem [7, p. 67], this set is the same for 
all topologies on X compatible with the duality (X,X'). When X is 
quasi-complete [7, p.9], the set K is weakly compact as proved by 
Tweddle [44]. 

The measure v : A> X is said to be controlled [11] if there 


exists a finite positive measure ) on A (called a control measure of 


crs 0) 90 08 ants iA ott’ aontaze | 
anne e atetKo i f af : zs ( a9 nasi de 


ae 
—— “Hon et : reat all 51 a ead Seine 3 


a 


a mars 4 a + 
2ainiansig aS Re rea | ssrosjosies bot hes. saitdeit dy. 4. th ont 
Par _. 
ir = e ~ ay. 3 TY rar 
1% Geiokreio el { vena i. s i ena tools: ‘fake bs” ave Be 
: at 
i ¥ » “4 
“aiU00 8: wet) rise bth S ,ateend 2i3 seodgue tis, eke ve aah 


S 
J 

fp 4 
on) 


10 bigedpa to A ondeele “<b es og hausish (aii daauiaree ows ih 


(deed). Synge: Kavir9> elas! 21 30bsien 8 wet Bey Ay Bike bity ia 


eqs . 
<n Pella as 19 a. Justa ott 
on ay R - ‘ 
qin ah 1 ae bizonot, od FTtt 0 ae, Laake slg 98 ant oa 


Geininod B, amt, Cy ar ad bosegay) vols “TTURORI pditate iia: Ne % 
iy aig i 
ra ‘yailoalt ra seibetgs ha Visine 2! iy qo oo Ee) aR oa ‘B on, 
_ 
, ) Vite. a ic 
sils Ono» B A ait’ 4 ; a bebauad zl ah. ais «how tad i | 
‘1h 4) par 


batorab bari A ‘sai : ieou)) Sas ad oO Daa ed Wy te 4 fe 


—_ i> + 


Nabe 
Cys 


poi sat outs ais, brn ve. ae S) ‘tp kashanir aah vandit slid ‘4 


EDs a0g2e9. te) RO i ee bes003h aa8 a 0 ose ae: 


wm dg 


xe beacens a Li bw vie agony a 0 ‘LLon xevnieo bagots ar 
soit iol oul a; jee pasty A58 :3 aX] esrohty een oF 


et att 
his) % ait e rey anol Mii isrkiy ‘stdiiye qua nv" 28 ving ai Fim e 

) 4); Pa : 
ti bang, ae Posqnus’ vesiisw el dee etd? [8 .g ay ventana 


¥ LOT Subba 


% 


. 
a 


74 


nae ae :: = 80k «hv lao aa : a m ats 


v) such that v =X. For X Banach, v was originally defined to be 


controlled [8] by A if lim ||v||(E) = 0 and lim A(E) = 0. 
(EB) > 0 IIv[JzE > 0 


This, however, is equivalent to the above definition when X is Banach 
as is ere from the Pettis theorem [12, p. 318} and [12, p. 321, lem. 
Sie. Lt may be furtier observed that v is controlled even if there 
exists a finite positive measure X for which v<<\ . For, if N is a 
maximal disjoint class of v - null sets in A that are not A - null, 
then N is countable, so that its union N belongs to A, and the restric- 
tion of 4 to the complement of N clearly controls v. The measure v is 
assumed to be controlled (by A) throughout this thesis. 

We shall denote by A itself the quotient o - algebra of A 
modulo v - null sets. On this new A the Fréchet-Nikodym metric induced 
by \ is defined to be p(A,B) = A(A AB), A, Be A. The topology 
induced on A by p will be denoted by T for it is independent of the 
choice of the control measure. 


The restriction of v to A e« A will be denoted by v Hae, 


A 
v CE) = v(A n E) for every Ee A. A set Ae A is said to be an atom 

of v if v(A) # 0 and for every B « A, B ¢ A, either v(B) = 0 or 

v(A \ B) = 0. The measure v is said to be atomic if S is the union 

of atoms of v, and non-atomic if it has no atoms. When v is controlied, 


it has the same atoms as its control measure 4, and so v can have at 


, 3 = { A a} S = 
most countably many atoms, say (As en: If s. i AS and _ Sey S > 


then v_ = Vo and v_ = Ve are called the atomic and non-atomic parts 
a n pancie aCoe oan sama eats 
a n 


of Vv respectively [15, p. 41/]. The o~- algebras ask a pice) Aor genomes 3 


Bee et Bee s_iwill be called the atomic, and non-atomic 
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parts of A respectively. The measure v is said to be semi-convex 
[15, p. 417] if for every A « A there exists B «A , Bc A for which 
wey (lye CA. 

We call a member A ¢« A an element of “y' Lf the ‘range’‘of Soy 
is contained in a segment with zero as one of its end points. The 
measure Vv. is called elementary if S is the union of elements of v, 
and v is non-elementary if it has no elements. If A and B are two 
eleinents of v such that the ranges of Va and Vp are contained in two 
distinct rays through zero, then An B is clearly a v - null set. If 
v is controlled, the family of all maximal elements of v is at most 


countable, say tA, e’nve NPSPtEEseE t= uta : n € N} and E© denotes the 


complement of E, then VE and Vpc are called the elementary and non- 


ee 


2.3. The spaces L, O) and Le CX) will be denoted by L, and L, 


i 
respectively. 

We shall denote by P the set of all extended real-valued 
A - measurable functions f defined on S for which f(s) « [0,1] for 
A.=- almost every s «€ S.. Unless otherwise stated, P is assumed to have 
the topology of Li ~ norm. The set P is convex and it is compact 
relative to the weak* - topology o(L,,»L,) [21]. On P the induced 
o(L, 5h.) - topology is Hausdorff and coarser than the weak* - topology, 
and so the two coincide. We further employ P, to denote the set of all 
characteristic functions Xs of sets E « A. Then P, is the set of 
extreme points of P [21]. 


The’ algebraic duai of X' is denoted by K**. "Since } =v , 


the signed measure Le aes A for every x' € X', and so 
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ae (ly) c L, (v1). Thus, for each f € L, we may define the 
weak integral. * f-ldv, as in [6, p. 32], to be the linear functional on 
x such thaumG’| 7 4 duy =) ier dvs for every x' «€ X'. Following 


Lindenstrauss [30], we denote by T the map from L, to X'* for which 
T Cf) = fof dv DM ic ge oA 


The range of T is not always contained in X [G) p. 33]. It follows 
from the Radon Nikodym Theorem that T is continuous relative to the 
weak* -— topologies o(L.,>1,) Ba CK eS XI PDS 

The set T (P) is thus clearly the o(X'*,X') - closed convex 
hull offv(A).” Lt may ber observed that ‘T.)(P)'="K°if and’ only if. K “ 
weakly compact. For if T (P) = K, this set is o(X'*,X") - compact. 


As is well known, (X,o(X,X')) is linearly and homeomorphically embedded 


in (X'*,o(X'*,X')), and so K is compact relative to the former topology. 


The converse may be verified without difficulty. When X is quasi- 
complete, K is weakly compact [44], and so T (P) = K. 

ihe resteieécionor iT “to PR will be denoted by T>. Since T, 
is continuous relative to the weak* - topologies o(L,,»L,) and OCX" ex" 
and P is weak* - compact and convex, for every a € T,(P) the set 
re 4a has extreme points by Krein - Milman theorem. For every a in 
the range of v, it is easy to see that every characteristic function 
in i st} is an extreme point of this level. We shall say that V 
possesses property (*) if the extreme points of Teteis) are only 


characteristic functions for every a e« v(A). 


Jw ok setudn X is: called a hyperplane 1f it ds)ithe level of some 


nonezero x* €°X", and it is said: to support a set A ¢ X-at x, <¢.A if 
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x 1s not eidentically zere onwA and (x,x') = (xojx") for every x « A. 
ihe point x, 16 then called a;sapport point. [23] of A. 

When v ; A+ X is a measure, we call the extreme points of 
the o(X'*,X') - closed convex hull of v(A) the Petrene points of the 
Fange of V. When A <'X 1s convex and closed, x, <« A is called a 
strongly sexizemespointplIyppe Iieion agdenting peink[37] of ,As,.1£ 
X» is not in the closed convex hull of (A \ V) for any neighborhood V 
Gtx, relative, tora z 

For every set Ac X, a point x, € A is called an exposed 
point [29] of A if there is an x' € X' such that Gorey = (ho 5") 

Tor eyeryix © A, x “-x%,, cor; eduivalently, if there exists an x’ « X' 
and a real were for which the hyperplane H = {x « X ;:-(x,x') = a} 
supports A at x, and AnH = {x}. Moreover, x. € Ais called a 
strongly exposed point [29] of A if there exists an x' « X' such that 
(i) (x,x') < (x.,x') whenever x e€ A and x # x,, and (ii) for every 
net (x) in A, (x 2x") > (4,5 ') implies that x wet 

We shall denote by ext A, st ext A, exp A and st exp A the 
sets of extreme, strongly extreme, exposed and strongly exposed points 
of A respectively. It is clear that st exp A © exp A for any set 
A © X, whereas it is easy to verify ae af nate A is fs At 


exp Ac ext A. When A is further closed, it may be verified without 


difficulty that st. ext A * ext.A and st exp,A © st ext A. 
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CHAPTER IL 


MEASURE AS A MAP AND ITS RANGE 


3. Measure as amap. In this section we assume, except in Proposition 
3-1 and-Lemma 3.5, X to be a quasi-complete L.C.S. and v : A> X to be 
a measure, controlled by i. 


Let S_ denote the unit ball of L. with the topology of L.. 


me 1 


PROPOSITION 3.1. If K is weakly compact, then the restriction of T 
to. S$ is continuous and has its range contained in X. 


ol 


Proof: Since K is weakly compact, we have T(P) = K (see §2) and so 


PES. Dp =el(P = Pj = PP) — TP) = Kk = Kite XxX, We ‘shall first assume 
> 
& to be normed. If qT, = Tle is not continuous at some element f 
oo 
of os. 1? then there exists e« > 0 and a sequence if 3 iS. 1 
3 > 


converging to f in L, - norm, such that Nees = Cet 2 EPO. GVvery 


ak 
n. According to Lemma 5 in [12, p. 321] there exists a 6 > 0 such 
that ||v||(E) < ¢/8 whenever E « A and \(E) < 6, where ||v|| denotes 
the semi-variation of v. Since i, Be + f in measure, there exists, by 
Egoroff's theorem, a subsequence ees of \ fant converging to £ almost 
uniformly. Hence there exists a set E « A such that \(E) < 6 and 


{f_} > £ uniformly on the complement E° of E. As the weak integral 
m 


of every fe L. is’ in’X-and it coincides with its Dunford-Schwartz 
foe} 


integral (12, p. 323], we have 
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Vales 


= iN wns 
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Lht yf - Ty él abo fin coe voviigtey foe fea edd o4 | 
r : : Y 
< ess sup |£,,(8) - f(s) | [}vl] ae) + 
sekE 5 

ess eup |i (sy = 4(3)| [vl] (eo) 
s:é E 

a2. 6/8 3 oes sup lf (s) - £(s) | [|v] | (Sa 

Soe 8 fs ; 
Since ess Sup | £68) ~ f(s)| > 0 as m-> ©, we have 
Syeuk : 


sae - t,£] | < ¢/2 eventually, contrary to the hypothesis. 


Thus, Ty a 1 > X is continuous when X is normed. 
> 


In the general case, let p be a continuous semi~norm on X 


it 


and . be the quotient normed space X / p~ {0} . Let the measure 


a8 me: a i be defined by es (A) = the equivalence class of v(A) in 


Rertor A A.” Now, 1a ff fsests and ||f - £||, > 0, then 
p n OPE n z 


p(T, f, - Tf) + Q by the above. Since this is true for every p, 


Ah fo + Tf in the topology of X,- completing the proof. 
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Remark: Even when X is Banach, the map T need not be continuous on all 


Onel We PorSexample, Letlx be a Hilbert space with a complete ortho- 


normal basis te -n2i1},s = [0,1], A the o — algebra of Borel 


: r ,jn-L 
subsets of S, A the Lebesgue measure on A and A, 5s Clipe. Wo 
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for®’n® 2UCV'Modifying the exampletof\[6,»peelFex.. 11), let 
sik 


1 
2 
n= 


a A(E Nn A) e,> Eee A. “Then, v.24, and. it is easy to 
ve 


see that the sequence an = 1X4 (n = 1,2,...) converges to zero in 
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Li; while ese [fe LA fOPetvery yn: 
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We recall that T, denotes the restriction of the map T 


29 aap ary 


LEMMA 3.2. If v is a finite signed measure, then, for every sequence 
pe of elements of the range of T, converging to the real number x, 
the sequence freme La converges to pe {x} in the Hausdorff metric 
on. ae 
Proot: Let St. S , denote a Hahn - decomposition of S$ relative to v 
and let 8 = pe eo = 0(S ). Then we have T,(P) = co v (A) = Rech 
and-s0.¢ = x Ss 8. It*will clearly suffice to prove that 
=u et | 
Cop iT. 2 ty rst me yl for every y <  [a,8).. 
We shall first prove that 
-1 -1 
ed) sup {d($,T. 2p Le ek Staal We tx} Ss | x - y|. 


Let 9 «€ ees {x}. We shall show that there exists 


pe te {y} such that ||yp - ol} EN eee 
If y = x, we may take ») = $. Suppose that x > y. Then 


x > a, and we put 


= PS ak ss 
He slondots St, cote 
rip 3) ea. Rae Te “= 
Then we have y = a 5 d + Erie ee XG and since 
QS yi = x, DoOEn — - and ee are between 0 and 1. Thus 


‘p is a convex combination of > and Xom » whence pe P. 


Moreover, 
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x= o 
Suppose next that x < y. Then x < £8, and we put 
y -'x 


fe eRe yer + = 10) 


instead. It follows as above that ) « P, T.(v) = y and ||y - oll, = 
y - x. Thus (1) holds, and by interchanging x and y we obtain 
-l -1 
(2) sup (hd().Toy (a) godve Tote (dda iaere vl: 
= 4 4 . =] 7 -] 
Peomitd )t and? @)eittfollows that’ d (Ts <{x}T.’ ty}). s |x - y|. 


This completes the proof of the lemma. 


PROPOSITION 3.3. If the range of v is finite-dimensional, then T, 
is open. 

: = k <= ; A if 
Proof: Let v : A>R-, and suppose that v(A) = (vA) v9 fA) 50+ (AD) 
for every A « A. Further let Td = (T)$,Toos+++sT,$) for reach aye “Py 
so that T,¢ = f o dv, for every ¢¢€ P and 1<i<k. Suppose that 
some sequence Lye 3 of elements of T,.(P) converges to y € T,(P). We 

25 -1 ; 
claim that the sequence {T, ty, te converges to T, {y} in the 


P 
Hausdorff metric on. 2... 


k ‘ 
Let, for every n, y, = Cy Seep) handing (Ys)g2] Since 
: gt 


Yi” Y» we have ty, i > y, for each i, 1<sis<k. As v, is a finite 
3 


signed measure and T, (¢) =f dv, for every ¢ € P, we have 


d(T ety tan) ey )?) > 0 by Lemma 3.2. Since the operation 
i Netek 


ae b 


‘ ; is 
(A,B) > An B is continuous relative to the Hausdorff metric on 2, 
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[25], we have 
-1 
is ty,} 270s 


ize. Cie yao eh) > 0. 


Now, if T, is not open, there exists an open subset U of P 


such that T,(U) is not open in K, i.e. there exists a sequence {x} 


of elements in K \~-f.(U) converging to an element x of T,(U). There 
thus exists ¢ « Toe xs n U, and since U is open, there further 
exists € > 0 such that the closed ball S(¢,e€) ¢ U. For every natural 
number n, we then have d(,T. “tx, }) > €, whence 

dCU sp uONTaT.Y tee) eta CoyTe 113 eee 


which contradicts the above. Hence the proposition. 


PROPOSITION 3.4. If X is quasi~complete, v possesses property (*) 


and T, is open relative to the L, - norm [weak*] topology on P and 


uy 
the given [weak] topology on K, so is v relative to z,, on A and the 


above topology on its range. 
Proof: When (A) is a net of subsets of a topological space E, the 


limit superior [25] of (A) is defined to be the set of all x in E 


such that every neighborhood of x intersects the net frequently, and 


denoted by LsA_. It follows from Hajek [13, Prop. 1] that a 


continuous map f on E to a topological space F is open if, and only 


if, for every net (a of elements of F converging to y « F we have 


ety) = Lt” “{y_}. For any net (A,) of subsets of P, we shall denote 
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the limit superior of (A) relative to the Ly ~ norm and the weak* 
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topologies on P by LsA_ and Ls*A_ respectively. 
n 


As X is quasi-complete, T,(P) = K. Let first T, be open 
relative to the weak* ~ topology on P and the weak topology on K. 
Let (x) be a net of elements in v(A) which converges weakly to an 


rn 


element x of vfA). Since T, is open, we have aa (eed = Ls*T.” {x}. 


<_ Pi i ° a, ° 
Sitice “(T 3 {x })is a net of weak* ~ compact convex sets converging to 
‘ho , ale ais uy 46 mn ° 
the weak* - compact convex set T, {x}, according to Jerison [19], 
eh 9 fom — ‘ ~1 
we have Ls*T, {x} = co {is* ext To {x th. As Vv possesses property 


(*), we have ext Deat (aa) = {x E¢ A,v(E) = x3 for every n, and so 
1 


Rp? 


aes} = So {Ushi xe omer CE) = xt). According to Milman's 


theorem [20, p. 132] we have ext ee e Ls*{X,, : E« A,v(E) = x ts 
i.e. Xe : Ee A,v(E) = x} ¢ Ls*{X,,  BrevAav (8). = x: 
As the weak* - topology coincides with the Ly - topology on P,., we 

| Et Sate 
obtain (Si aR en Vin oe Vea men) mere} 
E 1D n 

and since Basile) can be identified with @,T,); we get 

-1 -1 ; ; ; 
y tx. GC bSsv {x}. Further, since v is continuous, we have 

—l] —-1 ; : 
Lsv {x} c v {x}, and so the required equality holds. 


Let now T, be open relative to the L, - topology on P and 


1 

the given topology on K, and let the net (x) of elements of v@) 
converge to the element x of v(A) relative to the given topology 

of ‘K, ‘Sineé T, is open, we have Tee ee = ust {x}. Since the 


weak* - topology is coarser than the Ly - norm topology, and T, is 


continuous, we have 
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and so we still have Ts {x} = Ls*T, {x }. Hence we get, as proved 
oly rig) 
above, v {x} = Lsv {x}, and so v is open by Hajek's theorem. 


This completes the proof of the proposition. 


LEMMA 3.5. If v is semi-convex, then the extreme points of every 


level ‘om FQ are characteristic functions. 


Proors Let ace TCP) € las ere ¢¢P.,. We need to show that 


ren 


d is not an extreme point of r. 
As ¢ is not a characteristic function, there exists a 
non-null set A « A and a real number e — thacvOr< & < $s and 
Ss 0 4S 1 - ec on A. Since v is semi-convex, there exists Be A, 
B¢ A such that vB) =(1/2) wGA). het 
oy . Oy ere XAa\B ) Co Cae re Te Xavp 


Since ¢ is bounded by € and 1 - € on A, dy and o> € P. Moreover, 


Le Fd =a dv — "ev (B)e +e -vi(A\ B) 


To ($4) ; 


Pop dv me) «(172A e+ re: (8/2) 0 CA) 


il 


fo dv=a. 
Similarly, To ($5) =la. Clearly,’ ¢ =(1/2) (>, +- b>) > where oT z by» 


since they differ on the non~null set A. Hence > cannot be an extreme 


mW 


point of Toy 
According to Halmos [15], every non-atomic finite-dimen- 


sional measure is semi-convex, and so it clearly possesses property 


(*). We thus get the following theorem from Prepositions 3.3 and 3.4: 
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THEOREM 3.6. Every finite-dimensional non-atomic measure is open. 


Remark: The above theorem need not hold in general when X is infinite 
dimensional. The following example was suggested to me by Professor 
inicio Ganlen Midiet’S Fi4[+1, i] gods be thet ooe algebra of Borel subsets 
of S, »}4 the Lebesgue measure on A and X = Ly [0,1]. Define the measure 
hey eae. by 

v{A) = Xan{0,1] + A(A n [-1,0]) Xto, 1? Ae A. 
Then v is clearly controlled by A, hence non-atomic. Let 
A, = [0, 1- 1/n] for every n = 2, and A= [-1,0]. Then 
|]v ca) - vA) ||, +0 jjand fitiisclear that A cannot be the limit of 


F _ owl -1 
any subsequence of tA EES PAIRS. v TSy {v(A_)3 Ai VA GL -VOA) }, and so 


v does not satisfy Hajek's criterion for openness of a map. 
THEOREM 3.7. Every finite-dimensional measure is biquotient. 


Proof: Let v be a finite-dimensional measure and A be a control 
measure for v. Clearly, v and A have the same atoms. We denote the 
atomic and non-atomic parts of A (or v) by A> A. (respectively oa 

: ve For every Ae A, let A, and AL denote the atomic and non~atomic 
parts of A respectively. Let further Ro and RO denote the ranges of 


Vig and Ne respectively. 
Now the product topology on A, an is clearly induced by 
the following metric: 


SOURED) > 2 ARTCC eA De 


for every (A,B), (C,D) « ae . A. 
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Define h : A> A x AS by h(A) = (AA) for every Ac A. Further 


Getting C40 AD pelo) Re xX eR’ Gud pf pes ~ eRe ok bye ee CCV, 
a n a n a n a n 


il 


f(x,y) % + % Ler xXe4 R» ye R tThenygv 53> fue Syouh, and so 


according to Michael [34], it would suffice to prove that the maps f, 
g and h are biquotient. 
First, h is an isometry. Since each Ae A has the unique 


decomposition A =A UA, A eA > A G&A “Ph Ps one to one. 
a no ca Ae et n 


Moreover, if A and B are in A, then 


o(h(A) ,h(B)) = o((A,,A,),(BB,)) 


HH} 


MA, A BY) te MA, A BL 


ACCA, A BY.) U (Ay A BD? = (A A B). 

According to Halmos [14, lem. 3] A, is compact. Since is 
is continuous on A> it is biquotient. On the other hand, ve is 
open by Theorem 3.6. Thus se and v, are both biquotient, and it 


follows from Theorem 1.2 of Michael [34] that g is biquotient. 
Finally, the set R is clearly compact, and since v is 
finite-dimensional, according to Liapounoff's theorem Ry is also 


compact. BHhuseR Ox Ro is compact, and since f is continuous on it, 
a 


it is biquotient. This completes the proof of the theorem. 


Let, for every pair of elements A and B of A, A oy BVLE 
(CA \B) = 0. Then S is: aspartials order on A and (hy Sd is a complete 
Latte tcenddosrphi69 |uet Lti.can also, be. verified) that, the,order <) 


is independent of the choice of A. If C is a chain for Sep then the 
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order topology [4] of C coincides with the one induced by ue on Cc. 


Indeed, if C e C and (C,5C,) is an open interval containing C, then 
on putting r = 1/2 min{\(C., We rec \ C,)}, we have 
BiCeE) cart D en AC Ds ALG) oro c (C,,C,). 


On ithe- etier band, for every C.2/)C and rx > 0, 16 6 = 1/2. minfar(c),2}, 


and Cy ‘ Co e C are such that 


Ep ee Chee 7 hg, OS A(C \ C,) < 6 and A(C, \ Cc) < 6, 


we have (C,,C,) pcr. 


PROPOSITION 3.8. Every semi-convex measure is weakly monotone. 


Proof: Let v be a semi-convex measure with A as its control measure. 
Let A and B be any two distinct elements in A such that v(A) = v(B). 
Hence v(A \ B) = v(B \ A) = x say. Since v is semi-convex, one can 


find, asin Schmets. [41, p.“185]°chains C = (Cp ‘s6 E Ost |i and 
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D = £D 6 ¢ [0,1]} of subsets of A \ B and B \ A respectively with 


) 
the following properties: C,. = Do = 9, Cy ATTN ay, Ds = 8 \ A, 


C.< C if and only if eo < 


D a ied) Pt and only sie 6 


9 7 5 < O55 and 


1 
v(Cy) = 0x = vQ,) for every 6 « [0,1]. 


The maps 6 > Cy and 6 > Dy are clearly isomorphisms of the 
chain [0,1] onto the chains C and D respectively, and so they are 


also homeomorphisms relative to the chain topologies. As the opera- 


tions of union and difference are continuous on A x A relative to the 
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product topology uN x Whe 1165 pe 268) .» the sap, 0.2 Ey = (A \ C2 U Ds 


r 
OrenclO,d]. ts. continuous. “Hence Go= {Ey 1 62 10,1] fais a connected 


subset of A. Further, for every 6 « [0,1] we have 


v (E,) = y(A) - v(C, ) + v (Dy) = v(A), while 


E, = A, Ey = (A \ (A \ B)) U (B \ A) = B. Thus any two distinct 
elements of jae tell are contained in a connected subset of this 
level, and so a titee ow is connected for every Ac A. This completes 


the proof of the proposition. 


Every non-atomic finite dimensional measure is semi-convex, 
according to Halmos [15], whence weakly monotone by Proposition 3.8. 
On the other hand it is open (Theorem 3.6) and so with the help of 


Whyburn [49], we have 


COROLLARY 3.8.1. Every non-atomic finite dimensional measure is 


monotone, 


Remark: The converse of Proposition 3.8. does not hold in general, as 
is evident from any non-zero measure on A = {9,5}. For an example 

of a measure in infinite dimensions, which is weakly monotone without 
being semi-convex, let A be the o - algebra of Borel subsets of 


Sob. dls LO = Ly (0,1). .and define va A> by V(E) = Xe for every 


Ee A. It is easy to see that v is non-atomic and one - to - one, 
whence weakly monotone. However, it is not semi-convex, for we have 


v(S) = "Xe whereas v does not assume (/2 ) Xo anywhere. 


In infinite dimensions, a non-atomic measure is not always 


weakly monotone. In the example following Theorem 3.6 it may be 
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easily verified that Pic yt = {[-1,0], [0,1] }ewhich is not 
Etat 


connected, i.e. v is not weakly monotone. 


4. Range of a measure. In this section, X is assumed to be Banach 
unless otherwise stated. Also vy : A > X continues to be controlled. 


If P is a property of measures, v is said to possess P hereditarily 


if v, possesses P for every A « A. 


LEMMA 4.1. Let X be any L.C.S. and v : A > X a controlled measure. 
If v possesses property (*), then the range of v is convex, closed or 


weakly compact if and only if it is hereditarily so. 
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P 
A? A A 
is also continuous relative to the weak* - topology on its domain and 


the o(X'*,X') - topology on its range. As P, is convex and T, is 


linear, TC 4) is convex and it clearly contains v, (A). 


Suppose first that v(A) is convex, x,y « vA), Oey fae: 
and z = tx + (1 - t)y. Since x,y €¢€ T,@)> we have z «€ T, (Py). 


We claim that z € v, 6A). Clearly, it will suffice to prove that there 


exists «© A, E ¢ A such that Xp € ie ze Now the set PA is weak*- 


| compact and convex and Ty is linear, so that T, {2) is also weak*- 
compact and convex, whence it has some extreme point > by Krein- 
eae tetrad Suppose that ¢ ¢ P,. AS Xsy € v (A) also, we have 

zg « v(A).. Since ¢ = 0 a.e. on AS we have T.(¢) = T, C$) = ig, UAsryonas 


the property (*), > ¢ ext Ty {2} and so there exist distinct members 
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£1: } i 
f } S is te x os } fy ¢ ie } vi ibd = 
o> 5 OF Ley tz) ich that Oe cr +- >») Then we have oy 


5 = 0 on so that 4 z on A, otherwise they will be equal on 


re 
op 


ae ia ; —1 Pee 
S. Moreover, T,@,) =< To (4) ae Aes ear aT E T, ote Sim larly 


5 € mate , so that ¢ ¢ ext T, Pee Thus ext ie pe 


proving the claim. 

Let, now, v(A) be closed in the given topology of X, and 
let (x) be a net in v 6A) converging to x € X. Then (x) converges 
weakly, and since (X,o(X,X') is embedded in (X'*,o0(X'*,X')) (see §2) 
we have (x) * x relative to the latter topology. With Py and Ty as 


above, the set T,@,) is o(X'*,X") - compact, and since x, ¢ vA) 


E T@ A.) for each n, x € T,@ As the net a) is contained in 


wor 

v(A), we have xe v(A). It follows again, as above, that x « vA). 
Finally, suppose that v(A) is weakly compact and (x) isa 

net of elements of vA). As vA) <v(A), there exists a subnet 

(x) of (x) which converges weakly to some x € v(A). As in the 

previous proof, we have x «€ T,@,) and it follows once again that 

x ev, (A). Since the converses are obvious, this completes the proof 


of the lemma. 


THEOREM 4.2. A controlled measure v with values in a L.C.S. X has 
_hereditarily convex range if and only if any one of the following 
holds: 

(a) v is semi - convex. 

(b) For every a € To(P), ext Tay ecPey 


(c) v possesses property (*) and has convex range. 
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Proof: It is obvious that if v has hereditarily convex range, v is 
then semi-convex. The implication (a) implies (b) was proved in 
Lemma 3.5. It would suffice to prove that (b) implies (c), for when 
(c) holds then it follows from Lemma 4.1 that v has hereditarily 
convex range. 

Suppose v satisfies (b). It then clearly has property (*). 
ter a-e T(P). iss ext ee ¢ P,, it follows from the Krein-Milman 
mmeorem thatva € 1,(Po)5 Lee. VelP) < T,(Po) = vA). Bs the reverse 
inclusion is obvious, we have v(A) = T,(P). Since P is convex and 
T,. is affine, the set v(A) is convex. This completes the proof of 


the theorem. 


For any controlled.measure v, we recall that vas and ae 


denote its atomic and non-atomic parts respectively. 


THEOREM 4.3. A controlled measure v with values in a L.C.S. has 
hereditarily weakly compact range if and only if one of the following 
holds: 

(a) 2 is semi-convex. 


(b) v , possesses property (*) and has weakly compact range. 


Proof: ~ Singé i has hereditarily compact range [14], it follows that 
v has hereditarily weakly compact range if and only if Me has 
hereditarily weakly compact range. Thus it suffices to prove the 
theorem for ve and we may as well assume v = aa 

Let v have hereditarily weakly compact range, and let Aé« A. 


As vA) is weakly compact and (X,o(X,X')) is embedded in (X'*,o(X'*,X )) 
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(see $2). the set v fA) is equally compact in the latter topology. As 


obseryed in the proof of, Lemma 4.1, the map T, : Py + X'*X is continuous 


A 
in the weak* - topology on its domain and the o(X'*,X') - topology on 
its range, and so Q = tT, tv, (A)3 is weak* -—- closed. As vy is non- 

sp oe eas SE ce AN 


atomic, so are X and A, and the set (Po) x = {yx 


A “E 
is weak* —- dense in Py [2iy Apmkh3 “enSince 0 clearly*contains (Po) a» 


we have Q = P,, whence Vv 6A) = Ty (Q) = T,@,)> ion vA) is convex. 


A? 
Hence v has hereditarily convex range, and so is semi-convex. 
Now suppose that (a) holds. Then ext Ue SP oe hor 
each a € T,(P) by Theorem 4.2, and so v clearly has property (*). 
As in the proof of (b) implies (c) of Theorem 4.2, we have v(A) = 
ittoe ana Ssincetl ste) Ls CC eee compact and (X,0(X,X")) is 
embedded in (X'*,o(X'*,X')), it follows that v(A) is weakly compact. 
If (b) holds, then v has hereditarily weakly compact range 


by Lemma 4.1. This completes the proof of the theorem. 
From the above theorem we obtain 


COROLLARY 4.3.1. A controlled measure v with values in a L.C.S. is 
semi~convex if and only if any of the following holds: 

(a) v is non-atomic and has a hereditarily weakly compact 
range, 

(b) v is non-atomic, possesses property (*) and has weakly 


compact range. 


Remark: A subspace N of L,Q) is called thin if for every non-null 
set A « A there exists a non-zero function ¢ € Pe@oesucty tua t 20-30) 


a.e. on the complement of A and f > f dA = O for each f ¢€ N. Given a 
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measure v : A+ X controlled by ), the subspace N, = eee ide 00! } 
; C 


of LQ) has been proved by Kingman and Robertson [21] (see also 
Wegmann [48]) to be thin if and only if the range of vy is hereditarily 
convex and hereditarily weakly compact. The subspace N is thus thin 
if and only if v is semi~convex, and so, according to Theorems 4.2 and 
4.3, N is thin if and only if the range of v is hereditarily convex, 
or equivalently, if and only if v is non-atomic and its range is 


hereditarily weakly compact. 


PROPOSITION 4.4. If X is Banach, v possesses property (*), and T, 


is open, then the range of v is norm closed. 


Proof: Since T, is open and v possesses, property (*), v is open by Prop- 
osition 3.4. On identifying A with P., the maps ct ai Gas ie and 

aa : v(A) + 2P° are then lower semi-continuous eae. Pe saa Lie bs 
Since K and v(A) have the induced norm topology of X, they are met— 
risable, and so are paracompact. Since v and T, are continuous and 

their domains are complete aint spaces, v tty (a) } and ee tet 

are complete for every A« A and x « K. As proved by Michael [33] 

there exist 1.s.c. maps £ : K BS adhe ee Aa) 9? such that £(x) 

is a compact subset of Te a for every x € K, while g(v(4)) is a 


compact subset of G49) for every Ac A. Define h: K > Le by 


h(x) P(x) oe eG) dee. 1 CA). 


f (x) i ee CA) 


Then h(x) is compact for every x € K. 


Now let {x } be a sequence of elements of v(A) converging 
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to X,, and assume that x. ¢ vtA). Then ti(x,) ="fG¢) and since f is 


i 7 n da hind a : b 
Sg he en w ac ae ct se i atlas” 
gate any res nmed iti ian sani wt ‘eh 7 " 


viivs Khao ey Tr. eres ale 3 tint eis a" ‘nly ad oY . as am 


or 


fi 


alt) enh eh - Sor “nh Miva ait » AOR GaN” ‘ot sue wi I nathan aa : 
' i 7 wn 
re re : 


fsa ae ioe O00 x relist aD e vhs Say, sith: typ6 ES! y #. uted " ie 


,Roviap Ylisetibecea «! te eg. ORD, Ti Yite nts Fk “gates ba 


al ‘asi. a2) hn 92 ‘umm RE V4 ind lie th yaa 
. | \ Dy 
IseR Phew. y 
brn (8) Ytaeqesy Reeeokens ones st 2 ds r 


shapols arn al + Ye eae oils elt er 
~ : 
ae i, 


mais. Maaco 4 es" ( v) VINSROT, POSesue wag | fbi iat il ad or ante fh oo 


rf i | 
fyeyd Cs _ 4 7 ecssiny on 4 “ez a a { by K sateeipat no ae 4 4 
7 


TANT Ay a ao Von oe sug naken rise biena ‘ool ‘oui +7 a boar 
Ion. St Wark -¥ +75 fp anne rion ty oelhiant ‘it: swath dye thenes x 


L 


bun wiwuntinay opp gt) ‘bas va sonke) - , 4: agra sain ae wa bas e& és : 


, 
= - a 
hd 


f-. ; a a j 
a) ee Bite Gav Oy” F326 icin ae 2 sadam ‘das ‘etteadh: 


fee) fonda dy vif have xp ae a * baie he he quate #4 orale $i 


()2 anti) clan fhe (AYU: a Bofies be ne 712 agai «35 ead texee vt) 
“et Mvp olden ae x yaw 203 tt rat io twedual tomqeIND 6. te ; 


ae 


qd Ig Hts), orbtod. © vs K rays lot | tayar* Vv Yo teader baat 
re SAY" 5 en (AHL ed = (xd me. 
vy i 3m os Vi aay oy, | = . 


i.SeCe, we mave, according to Sikorski [42] fx) = Isf(x_) =, ae Gen 
n 
Thus we have h(x,) = Lif(x) g Lih(x,). On the other hand, Lsg(x_) = >. 


For, if not, then there exists a sequence Ne } with Xp | ¢ a7) 


nh n mM 


k k 
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mags) = Vi) contradicting x, ¢ VG). According to [25,; p.337] 


we thus have 


HT 
i] 


Lsh(x, ) Ls{£(x,) U ei) Isf(x_) U isg(x_) 


Lsf (x) me oxo) = OX Ss 
Hence we have h(x,) ¢ Lih(x ) e Lsh(x ) = Te.) $0 that 

h(x.) = Lih(x ) = Lsh(x_). 

Thus thx )} is a sequence in Oe converging to h{x,) in 
the Vietoris topology [32], and so {h(x ) ein 220} tke 2 compact 
subset eaeon Since h(x) is compact for every n, according to 


Michael [32] the set C = aU, h(x) is a compact subset of P. 


Choosing vee g(x) ‘s h(x )) for every mn 2 I’, ‘the sequence{x,, es 
n ; n 


contained in C, and so it has a subsequence {Xp } which converges to 
n 
k 


gome element ¢ of C. But then, P. being a closed subset of P, ¢ <« Po, 


and so. <4". Thus, we have x, = lim x = lin Ts. (Xp y=" Teo) 
Too € v(A) "hk ny. 


a contradiction. This completes the proof of the proposition, 


When X is finite-dimensional and v is non-atomic, then it 


possesses property (*) by | Lemma Boos ana bs is open by Proposition: 3,3. 
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This gives 


COROLLARY 4.4.1. (Liapounoff) The range of every finite dimensional 


non-atomic measure is a closed set. 


Remark: When X is infinite dimensional and T, is open relative to the 
weak* and weak topologies, v(A) need not be weakly closed even if 

Y posses property. (*). In the second example following Corollary 3.8.1, 
both v and T, are clearly one ~ to - one. Further, since (P,w*) is 
compact, T, : (P,w*) > (K,w) is a homeomorphism. As v(A) = P,, we have 
Ke= veoh =P. auth K Go noneatonie, according to’ (21, tem. 3], P. is 
weak* ~ dense in P, hence o(L,>5L,) - dense in P (see §2). As P #P,, 


the latter set cannot be weakly closed. 


THEOREM 4.5. If X is Banach, then the range of a measure v-:-A > X is 
relatively compact if, and only if, there exists a sequence {x5 is Oey 4 


oo 
and a sequence {a 3 in A such that the series » x A converges to 
Vv in the Pettis norm. 


Proof: Let us first prove the sufficiency part. Suppose that v has the 


n 
» 2a, AD es 


Hy 


above representation. Let, for every n, Vv ae 
i=1 iL 
It. is then clear,that v 6A) is compact. By hypothesis, 


es - et = sup (|]v @) ~ v(E)||: E « A} > 0 as n+, and so 


d(v_(A),v(A)) > 0. Hence, it follows that d(v_ (A) ,v(A)) > 0. 
Since v A) is compact for every n, so is v(A), i.e. v has relatively 


compact range. 


Now let v(A) be compact. Then the set K = ‘co v(A) is also 


compact. We shall first prove that v is the limit in the Pettis norm 
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of a sequence of elementary measures each of which has a finite number 
of elements, 

Let us first assume that X has a Schauder. basis, say 
te, se ey Aceording (to [40,ep. 115),). there: exists a sequence) of 


elements {x,'} of X' such that for every x in X we have 
foo} 
x. = 2: x, '(x)e, » where the series converges uniformly on every 
i=] 
compact subset of X. Thus 
n 
sup ||x- = x,'(x)e,|| > 0 as n> ™, 
: “i i 
xeK i=1 
Let, for each natural number n, 
n 
CAG OS Wag amie Peake pad koves va Mum ars A Ee A. 
n BS z i 
i=1 
Clearly, Wy is a finite dimensional measure <<\, and as v(A) ¢ K, 
we obtain 


_ = _ v : A = = 
| |v HH sup {|| v(E) u (2) | | Ee A} +0 as n 
Now, for every n, there exists, by Radon-Nikodym theorem, a 
function g_ : S > X such that u () = f g, a’ for each E « Age Aso. 
E 
there exists a simple function fy 2S > X such that 
a i 4 , 
if [|£,(s) g_(s)|| d 1/n 


Letoe fort every 5 wi) = 4 £ dA for every E « A. Then oh is an 


elementary measure with finitely many elements. Moreover, for every n, 
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In case X does not have a basis, since K is compact, there 
exists [10, p. 99] a one-to-one continuous affine map g of K into a 
Hilbert space H. We may further assume that 2(0) = 0. For, if not, 
then it may be replaced by the map x I> g(x) - g(0). 

Now Ky = g(K) is also compact, and its closed linear span 
is a separable Hilbert space which may be denoted by H itself. Define 
MeGiik >) th by mE g-v(E)for E « A. » Clearly, yp is a measure, 


u(A) ¢ Ki» and as H has a basis, there exists, by above, a sequence of 


elementary measures oe A> H (n 2 1) with finitely many elements 


such that i ~ tee 0 as ume int As dCu, CA) u (AD) > 0, the set 


Coe ica) U nei BA) is compact,see [32]. Denote the extension of 


h = ae to JG tiykhd tse If. 
Define}: chor thieves Pin’ A-> X by v CE) = hy CE) for Ee A. 


Then v_ is a measure. Moreover, for any x' e X', x'*h is continuous 
n 


on the compact set C, hence uniformly continuous. As bi gs: 0, 


we thus have || x'-h-@ -w)| |, > Osy tidendilexe' > © ee eae 0. 


n 
Since the norm and weak-topologies coincide on the compact set h(C), 


we then have l}v - v| | + Q. As the measures v , are clearly elementary, 
n P 


this proves the assertion for general X. 


To prove that v has the required representation, there exists, 
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32 
by above, an elementary measure Va with finitely many elements such 


that ||v - v 


Vili a 1 


< 1/2. Since v, has compact range, v - v, is a measure 


with relatively compact range, and so there again exists an elementary 


measure V, with finitely many elements such that [| a jie ae < 
Z an A , Nee ; ; 
1/2” , Continuing indefinitely, we find a sequence {v3 of elementary 
measures, each with finitely many elements, such that 
n+1 
n+1 
ae aa tl a / 2 for every, in. 
ae 4 SS 
i=1 
co 
But then the series mm YA converges to vin the Pettis norm. By 
n=1 
a 
definition, for each n we have v_ = ees eet : where 
n Th pee ae 
i=1 Teck 
{x fees ida 1 aGak sande A sa Wise ci ot te A lpartiidon Jor S. 
2 i y n 
ies KO 
It is clear that the series x oy x ia converges to v in 
n=l i=1 ae Bigek 


the Pettis norm. This completes the proof of the theorem. 


Although we first proved the following result, it equally 


follows from the above theoren. 


COROLLARY 4.5.1. The range of v is relatively compact if and only if 
v can be approximated arbitrarily in the Pettis norm by an 


elementary measure with finitely many elements. 


If v is a Bochner integral relative to some finite positive 
measure \, then it clearly has a representation as in Theorem 4.5, and 


so we have 


COROLLARY 4.5.2. (Uh1, [46]). A measure has relatively compact range 


whenever it is a Bochner integral relative to some finite positive 
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measure. 


Since the atomic part of v always has a hereditarily compact 
range (see [14]), the above theorem gives, with the help of Theorem 


a3. 


COROLLARY 4.5.3. A measure v has hereditarily compact range if and 
only if its non-atomic part v, is representable as in Theorem 4.5, and 


Vis is either semi-convex, or has property (*) and a closed range. 
L 


Rolker [5] proved that a compact convex set in finite 
dimensions is the closed convex hull of the range of a measure if and 
only if it is the Hausdorff limit of finite sums of segments through 
the origin. Nec eine to Theorem 4.5, the necessity part of this 


theorem remains valid in infinite dimensions: 


COROLLARY 4.5.4. If a compact convex set in X is the closed convex 
hull of the range of .a measure, then it is the Hausdorff limit of 


finite sums of segments through the origin. 


Problem: It would be interesting to investigate the hypotheses under 
which the sufficiency part of Bolker's theorem remains valid in infinite 


dimensions. 


Remark: There exist measures, even with finite variation, whose ranges 
are relatively compact, but are not Bochner integrals; see Rieffel 
[38, p. 486] for an example in @,. 

There further exist measures with compact range, even in 
finite dimensions, that are non-elementary, and so in their representa- 


tion (of Theorem 4.5) the sets (A, ) cannot be always made disjoint. As 
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range is the closed unit disk K in R’. Suppose v is elementary. Then 

there clearly exist a non-trivial segment J with zero as one of its end 


points, and a set Ky such that K = J + Ki: Without loss of generality, 


assume that J is along the positive x-axis. Since the point (0,1) = b 


@ 8, there exist ¢ = 0 and x.-€ K,. such that b =.0(1,0) + x ine 
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we have 0 + x, € Ky auconttadtetion. in cage.a = 0, x) = be K. Since 


Joo non-trivial, there exists 8 > 0 such that (6,1) = 6(1,0) + b 
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e(1,0) + x, € K, which is not possible. 


iL 
We recall that a measure v with values in a Banach space is 


fold to pe .0-fintte if its variation lv| is so. 


PROPOSITION 4.6. If X is an infinite dimensional Banach space, then 
the closed convex hull of the range of every o~finite measure with 


values in X has empty interior. 


Breet: Jetiv: A > X be a measure with its variation uw o-finite. There 
then exists an increasing sequence {8 of sets whose union is S such 
that the restriction py, of u to.S is finite for every n. Define 
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is; Banach, .1,(P) =.K, and Tf) = CO Vo (A) = KA (say) for every n. 
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Let us first consider the case when X is reflexive. 
According to the well-known theorem of Phillips [35, p. 130], each 


Vv is a Bochner integral with respect to a Hence, by corollary 
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4.5.4, K is norm compact for every n. Since S ¥ >. we have 
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whence the sequetice {x} converges to K in the Hausdorff metric. 
Since K is compact for each n, sois K. As X is infinite dimensional, 
according to Riesz's theorem, the interior of K is empty. 

Now let X be non-reflexive and, if possible, K have an 
interior point x. Then there exists € > 0 such that the closed ball 
S(x,€) ¢ K, and since it is convex, it is weakly closed by Mazur's 
theorem [20, p. 154]. On the other hand, X being Banach, K is 
weakly compact, and so S{x,¢€) is also weakly compact. This is, however, 


not possible, since the closed unit ball of a non-reflexive space of 


infinite dimensions cannot be weakly compact. 
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CHAPTER LIL 


EXTREMAL STRUCTURE OF THE RANGE OF A MEASURE 


5. Extreme points of the range. We assume in this section X to be 
quasi-complete, except for Proposition 5.1. The measure vy : A> X is 
assumed to be controlled as before. We recall that the extreme points 
of the range are defined to be those of its o(X'*,X') - closed convex 


held ai.ecsnotrT kr). 


PROPOSITION 5.1. A point a « X'* is an extreme point of v(A) if and 


only if hein) is a singleton which belongs to P,. 


Proof: Let a be an extreme point of v(A). We shall first prove that 
waa {ah CPs fey Leta df ppossib lee Gaeshr\ePsaatddTs (Q)erta. Then there 
exist an c« > 0 and a set»E’e A such that ¢ <5 d (E) > 0 and 

Gt) e<sosl-e Migace .wonck. 

We may further assume that v(E) # 0. For, as v = i, the set E is not 
v - null and‘so contains a’set Ey e A for which v(E,) # 0, and since 


M(E,) > 0, the set E may be replaced by E,- Now define 4 and b>» by 
>, (3) = >, (s) = $¢(s) on the complement ES of E, while >, 6s) = >(s) -€ 
and >, (s) = o(s) + ¢ on E. Then 4 and 5 are in P due to (1) and they 


differ on the non-null set E. Moreover, 


BD ae gitiay e's.) S teobdas © ay f ody — © V(E) = eksen (ED. 
E ogls 


and similarly T.(9,) = ate v(E). But then, a =(1/2)(T.(¢,) + To(Go))s 
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and since v(E) # 0, we have T,(,) Z To(by)s sothat'a Yrext TY(Py pa 
‘GontrauLrctiLom. 
A; et : oe 
Further, if T, {a} contains two distinct elements, say Xa 


and Xp» we have A(A A B) > 0, so that p = (1/2) Xx, + Xp) ¢125, but-since 


pe Tae GH this is again a contradiction. Hence ae ta is a singleton. 
Conversely, suppose ea es = {x 4 for some Ace A. Now, if 

a =(1/2)(To(d) + ToCb)) for $, ¥ in P, then To(x,) = To((1/2)(@ + ¥)), 

and so, according to the hypothesis, Xa =(1/2)(¢6 + ww) A a.e. But then 

it is easy to see that > = ) = Xy ae, and so T¢,(¢) = T,(@) = a, so 


that ae ext T,(P). This completes the proof of the Proposition. 


COROLLARY 5.1.1. The range of every controlled measure contains all 


of its extreme points. 


This corollary has been recently established by Kluvanek 
[24, th. 2] for a wider class of measures called "closed 
measures We also obtain from Proposition 5.1 the following extension 
of Theorem 3 of Liapounoff [27] to infinite dimensions, which in turn. 


has been proved recently by Tweddle [45] for semi-convex measures. 


COROLLARY 5.1.2. If v possesses property (*), then a point a « X'* 


: Ba. e'E : 
is an extreme point of the range of v if and only if v hal Ls a 


singleton. 


Hovsigiver A € A, since V(A) = adf-and oniy if To (xy) = a, 

: oa: 

the necessity of the condition follows trivially; and if v {a} = {A}, 
z I | 2) 

since ext T, vee c P,, we have ext T, {a} = x,t, so that T, (tal = 


co {x3 ae and so a € ext v(A). 
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In the absence of property (*) we have, on the other hand, 


the following 


PROPOSITION 5.2. If the dual of X is weak* - separable and v is non- 
atomic, then a point a ¢« X is an extreme point of the range of v if and 


only if en is a singleton. 


Poor: whe Necessity orsthe condition follows from Proposition 3.1. as 
before. 

Letyix 1} be a sequence of elements of X' that is weak* - 
dense ina Xi» As usual, we denote by R” the product of countably many 
copies of R, with the product topology. Define the map n : X > ee by 


n(x). = (x)'G) 5+ XG), peux . 


Then’) is linear? .Tf°nCx) =O for some x ec" X; then x) GO = 0 for every 
n, and since ty is weak* - dense in X' we have x'(x) = 0 for every 
x’ € X!} i.e. x = O. It may be easily verified that n is continuous 
relative to the weak-topology on X and the product topology on R°, 
Define p : A> R” by u(E) = nov(E), Ee A. Further, for 
each n, define He HAG = Re by 
ui) = (x, 'ov(E),.+++++5%)'2V(E),0,0,...). 
Clearly, uw and yu are measures. Moreover, for every E « A we have 
u, © + u(E). sirarKees rT. : Ps Rk by T fo) =f du for every > ¢ P. 
Then 
T fo) = Cf 6 re sielaieteoks So dv. nd Ct One ie 
Now suppose that v{a} = {A} for some A ¢ A.As n is one-to- 


one, we have amet Ates4 = {A}. For each n let 
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by above. By hypothesis, {E « A: v(E) = a} = {X,} and so C+ {x}. 


As (P,w*) is compact, the sequence tc} converges to {x} 
in the Vietoris topology on the power set of P [32]. If W is any 
closed weak* - neighborhood of XA relative to P, then Co <c W eventually. 
Since v is non-atomic, We is non-atomic. As HO is further finite- 
dimensional, it possesses property (*) by Lemma 3.5, and so C_ = ext ER 
Since W is closed, convex and contains Ce eventually, W equally contains 
Pw? Lie. 1P) 0 1X44 relative to the Vietoris topology, whence 
is? o= iP. = tx, Since if y lag eae we have Bo The Cenks, 
and so Tata! = {x,}. But then a « ext v(A) by Proposition 5.1. This 


completes the proof of the proposition. 


PROPOSITION 5.3. If X is quasi-complete and v : A> X is a measure, 


then every extreme point of its range is strongly extreme. 


Proof: We first show that the sets of exposed and strongly exposed 
points of P relative to the Ly - norm topology coincide with P,. 
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the last inclusion being observed in §2. This proves the assertion, 


Now let a € ext K, and assume that a ¢ st ext K. Then there 
exists a neighborhood V of a relative to K such that a € co (K XD). 
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there exists, by Proposition 5.1, a set A e¢ A such that $ = A Faye, 


AK 
However, the net Coe) is in co ee (K \ V) by construction, and so Xa 
is in the weak* — closure of co ct (K \ V). As noted in §2, the 
weak* and o(L,,L,) - topologies coincide on P, and so a is also an the 
o(L, 1) — closed convex hull of ee Go Ade Bile: the: latter is othe 
same as the hy - closed convex hull of Te (K \ V) by Mazur's theorem 
[20, p. 154], so x, € Go Tg Oe oy eh eeeree TT 0y)). aa he kK. 
Since T, is continuous (see Proposition 3.1), ™ oh (V) is a u - 
neighborhood of Xx relative to P. This means that Xa ¢ st ext P, while, 


by the assertion made at the beginning of the proof, X, € St exp Pie 


st ext P, a contradiction. Hence the proposition. 


LEMMA 5.4. If X is quasi-complete and,v : A > X is a measure, then the 
weak topology coincides with the given one on the set of extreme 


points of the range. 


Proof: What we need to show is that the weak topology on ext K is 
finer than the given topology. Let (x5) be a net in ext K converging 
weakly to an element x in ext K. There then exist, by Proposition 5.1, 


E,, E« A such that Tig ‘elas = (x, } for every i and ees = {x,}. 
al 


Since X is quasi-complete, T,(P) = K (see 82) and as (P,w*) is weak*- 
compact and T, : (P,w*) > (K,w) is continuous, it is biquotient. 
According to Michael [34, prop. 2.2] there exists a subnet (x5) of 


(x,) such that Xp Xe: Since the weak* - topology coincides with the 
4 , 
L, - norm topology on P., aee 5 Xal ly e0. Budtwthen, according. to 
j 


Proposition 3.1, T, is equally continuous relative to the Ly - norm 
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the given topology of "K, “ive: a ~ = niche gryen*tepology. * Thus 


every weakly convergent net in ext K has a subnet converging in the 


given topology. Hence the lemma. 


PROPOSITION 5.5. If X is Banach, every extreme point of the range of 


v is a support point of its closed convex hull. 


Proof: The closed linear span of the range of v is a Banach space, 
which may be denoted by X itself. Now K is “penne compact and convex, 
so according to Amir and Lindenstrauss [1, th,4] we have K = co (exp KS 
whence it follows from Milman's theorem [20, p. 132] that the set exp K 
is weakly dense in the set ext K. Hence exp K is norm dense in ext K 
by Lemma 5.4. 

Let x € ext K. . Then. there exists a sequence {x } of exposed 
poiats.ohK such that I]x, - x| | > 0. Let S' denote the closed unit 
ball of X'. For every n there exists Ka é.S'. exposing K at x. As 
X is the closed linear span of the weakly compact set K, according to. 
Amir and Lindenstrauss [1, th. 2], the sequence {x_'} contains a sub- 
sequence 1x oe which is weak* ~ convergent to some x' « §'. We claim 
that x* Supports Kat x. For let, for every n, B = sup noi (K) 

(= x and y = x'(x), 6 = sup «x°(CK). It clearly suffices to 
prove that y = 6. 

Since (x 13" x', we have ov A) > x'sv(A) for every 

AeA. It follows from Vitali-Hahn-Saks theorem [12, p. 158] that 


lim | x '6v| (CE) = Q uniformly in m. Since x? x.e,ext K, there 
ACE) > 0 


exist unique sets E_, E in A such that x = v(E_) for each m, and 
m m m 
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x = vV(E). As the sequence {v5 of extreme points of K converges 
to v(i) « ext K, there exists, as in the proof of Lemma 5.4, a sub- 


Te 0, ger, 


sequence {v(E,)} of {ve )} such that Xp rs 4 


ACs iB) Ou thus | im |x. 'sy|(E) = 0 uniformly in i, so that 
1 ik 
Ede 0 


|x, 'ev(E,) = x..'ov (E) | < |x, 'ev(E,) = x, ‘ov (EZ) | + 


x, 'ov (E) ~ x'ov (EZ) | 


lA 


eeu tee 


x, 'ov(E) - x'ev(E) | >0O, 


i] 


whence {8 ,} > x'-y(E) y. As the finite signed measure x'-y has 
compact range, it assumes its supremum and so there exists an Fe A 
such that x'-v(F) = max x'-v(A) = max x'(K) = 8. Now assume y < 8. 


. 7x 
Then there exists a 6 > 0 such that y + 6 < 6. Since {x,'} ¥ pu 
Ab 


we have lim x, ‘ov (F) = x'ov(F) = 8, and ’so |x, 'ov(F) - 8 | any?) 6 
a: 


eventually, whereas Hee - y | < (1/2) § eventually. Thus, we have, 
eventually, 

8, <7 + (1/2) 8 < B= (1/2) 6<x,"V(F) 
which contradicts the definition of Bi. Thus y = 8, and so x' 


supports K at x. Hence the proposition. 


PROPOSITION” S27. Let’ x be Precnet,"v. ° A +X a measure, and T, be 


open. Then the extreme points of the range of v form a closed set. 


- Proof: Let {x} be a sequence in the set ext K, converging to some 

x € X. Since X is clearly quasi-complete, K = T,@) is weakly compact 
(see §2), hence closed in the given topology, and so x « K. According 
to Proposition 5.1, for each n there exists, s\unique E e A such that 


x = vV(E ). As P and K are metrisable, and T, : P > K is open, 
n n 
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according to Sikorski [42, v] we have tt ix} = tat, 74 a oe it Be } 
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and so the sequence {x, } is convergent, say to ¢ « P. Since Xp € Po 
n n 


for every n and P, is closed in P, $ « P,, and so there exists Ee A 
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such that 6 


X We then have <7 MSS ee and so x e ext K by 


vag 


Proposition 5.1, completing the proof. 
The above proposition yields, with the help of Proposition 3.3, 


COROLLARY 5.7.1. The extreme points of the range of every finite~ 


dimansional measure form a closed set. 


Remark: . When X is infinite dimensional, the extreme points of the 
range of v do not form a closed set in general. In the example 
considered after Theorem 3.6 it may be easily verified that 

K (= co v(A)) REG OG ev Ph Os PGA e818 
and 

ext Kk = {Xq Aa TOUS 0 SGA) eau 1X4 + Xr0,u] : 

j Mea (tt EME Oca 
Thus tk tai the convergent se uence { } whose 
its, ex contains Oo q Xr0,1 Pgs 


Lent Xr9 1] 7S HOt ext Ke. 
3 


6. Exposed points of the range. In lemmas 6.1 and 6.2 of this section, 


X is any L.C.S., in lemma 6.3 and Theorem 6.4 it is quasi-complete 
and in the rest of the section, X is assumed to be a Banach space, 


We recall that for every x' « X', v1 denotes the real 


measure x'ov. 
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Eamon Lee Lee: A™exX"iswa measure, where Xx isa Rice. an mee 
exposes the range of v if and only if any of the following conditions 
holds; 

a) The real measure ar a), 


b) The real measure ve assumes its maximum only once. 


Proof: Suppose that x' « X' exposes v(A) at x,. Let 8 = max x',v(A) 
and He ={xeX: Gege? 7 8b .! Then H, Miva) =Axot. Since Vir << Vs 
we need to verify only that wv << re ue Assume that lyr] GY) = 0 for 
some Ne A, but N is noon — null. Let ar. S be a Hahn~decomposition 
for vy, and No = Noa ue N’=NnS'. Then N’ and N” cannot be both 
 eeei1. fe) de not v= null, there exists N, <¢ A, Nc N’ such 
that vy) * 0, and since Ny (c N) is ae null, we have 
g = max v_, (A) = (v(st),x') = (v(s™ \ Rei ye uae. invA) 
contains the distinct points Very and ws? \ N); which is not 
possible. In case N is not v —- null, there similarly exists a 
A air null set Ny e A, Ny ¢ N such that v (Nj) # 0, and then 
8 = max Vier r= (v(st), x") = (vist U Ni)> x'), which again leads to 
a contradiction. Hence N is v - null, so that (a) holds. 

Now let Ca) hold ores. With. &. Si and S$ as before, 
8 = TCE Let E be any set in A for which V1 (E) = 8. Then 
v (8") = y_,(E) and so v ee =o (Cas a). These must be 

me x x x 

zero since st Ve is: purely Nie positive and E \ en is purely 
v_, « negative. But then these sets are ae null, and since Laas 
they nee figs vy = null, whence E gee is v - null, proving that (b) 


holds. 
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In case x' satisfies (b), we have v(A) n He =/{v(S )}, 
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and. since He clearly supports v(A), x' exposes V(A) at wis >) © AWhs 


completes the proof of the lemma. 


COROLLARY —G,1.1. <dkybakoy [39]).. If X is Banach and v : A+ X is a 


measure, then there exists an x' « X' such that en aa 


Proof: We firstly observe that exp K < exp v(A). For if x « exp K, 
chen c" extiG® somenates et u(A)r by Coroliary?5i4.1. Let H be a 
hyperplane of support of K such that Hn K = {x}. Since v(A) ¢ K and 
me VGA. OH SEG follows that H equally supports v(A) at x, and so 

Po eG) fee hon th = te) i.e, NCA) n H = {ul, whence x € jexp v(A). 
Now according to the Theorem 4 of Amir and Lindenstrauss [1], K has 

at least one exposed point. Hence exp v(A) # >, so there exists an 


x' € X' exposing v(A), and the result follows from Lemma 6.1. 


jen YOs2. Li B is 4) closed convex set inva L.C.S., A .< B and A, B 
have the same supporting hyperplanes, then exp B ¢ exp A and st exp B 
GY st exp A, 

Moreover, if B is weakly compact and ext B ¢ A, then A and 


B have the same exposed points. 


Proof: Let b <« ¢xp B. Then there exists? hyperplane H of support of 
B such that Hn B= {b}. By hypothesis, H equally supports A, so we 
have. ¢ 2 HinvA GHon B= lb}, iveusH a4, = (bi, and b e-exp A. 

If.b cest,exp.B, then be exp. B, bence: b.<.exp A iby’ above. 
Leta x pees) Gos ue a} be a supporting hyperplane of A such that 
Hay A = {b}, and let (a) be aonets in A such that (a, ,x') ais 
Since a,é B for every n, and b is a strongly exposed point of B, we 


have (a) > 1b, doethat bie Stsexp A. 
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As for the second part, we need to show that exp Ac exp B. 
Let a € exp A and H be a supporting hyperplane of A such that Hn A= {a}. 
Then B is by hypothesis equally supported by H, and B n H is a non-void 
weakly compact convex set. Now ext (B n H) c ext B (see, e.g. [18, 
lemma 2]), whereas ext B cA by hypothesis, so that ext Bn Hc A. 
Thus ext (Bn H) ¢ An H=&= {al}, whence Bn H = co {a} = {a}. Hence 


aeé exp B./ This*completes the’proof of the lemma. 


PROPOSITION 6.3. If X is quasi-complete and v : A> X is a measure, 


then v(A) and K have the same exposed points. 


Proof: Even if X is a L.C.$. the sets v(A) and K have the same 
supporting hyperplanes. For if x' € X' and Bats Os denote the 
sup x'ov(A) and inf x'ev(A) respectively, we have 


xi(K) = x “Keoer (Aur rcountey(A), shhor, Bas 


whence Bt = sup x'(K). Thus, every x' e X' has the Same ‘supremum on 
v(A) and K, ‘and the assertion follows.. - 

Further, since X is quasi-complete, the a K is weakly 
compact. Since ext K ¢ v(A) by Corollary 5.1.1, it follows from 


Lemma 6.2 that K and v(A) have the same exposed points. 


THEOREM 6.4. If X is quasi-complete and v : A> xX is a measure, then the 


exposed points of v(A) and K are strongly exposed. 


Proof; Let us first prove the inclusion exp v(A) ¢ st exp K. Let 
v(A) « exp v(A). Then there exists an x' ¢€ X' which exposes v(A) at 


— 


v(A). According to Lemma 6.1, we have Vit = Ve Let \ = lyr 


Suppose that (x) is a net in K such that (x x") + (v(A) x") = Boy. 
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is y - null by Lemma 6.1. Since X is quasi-complete, K is weakly 


compact and T,(P) = K (see §2), so for every n there exists on Eup 


for which ToC) Fs Then Gx x") a Gy on dye } as on dv te 
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Let el be the positive and negative variations of vey Then 


f ue ~ ¢,| es a kee . 9 dr 
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ms Bot iF} (x >x') cage Ur 


panece Tore PX iscontinuous) relativentd the Ly - norm by Proposition 
3 tL, Tod) > To(x,) > Ite, (x) > v(A), so that v(A) e« st exp K, whence 
exp v(A) ¢ st exp K. 

As observed in the proof of Proposition 6.3, the sets K and 
v(A) have the same supporting hyperplanes, and so by Lemma 6.2, we 
have st exp K ¢ st exp v(A). We thus have 

exp VCA) ¢ st e€xpek cl st a v(A) ¢ exp v(A), ive. 
exp v(A) = st exp K = st exp v{A), and since exp v(A) = exp K by 


Proposition 6.3, this proves the theorem. 


In the rest of this section, we extend some of the results 
of Husain and Tweddle [18] on extreme points to exposed points. The 
proof of the following proposition is a modification of theirs. From 


now on, X is assumed to be Banach. 
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If A and B are compact convex subsets of a L.C.S., ext, A 
is defined [18] to be the set of extreme points x of A for which there 
@xtats somevextreme point y iol Busuch that x+y «.ext (A +.B). The 


sets exp, POS b CAD LGA: and St ext, A may be defined analogously. 


B 


PROPOSITION 6.5. If A and B are two weakly compact convex sets in a 


Banach space X, then st exXPp A is a weakly dense subset of ext A. 


Seoor: Let) C = co st exp, Ae) We shall (first prove that A +B = ¢€ 4+ B. 
Suppose that x « st exp (A+B). Then there exist ae A and 

b « B such that x = a+b. There further exists x' « X' strongly 

exposing A + B at x. It then follows easily that x' strongly exposes 


A at a and B at b respectively, whence ae st exPp A, and so x € st EXP, A 


+B. Thus,st exp (A +B) “cst EXP A+ Be<G+eB. As C and B are 
weakly compact and convex, so is C + B, and since C c A we have 

co st exp (A+B) <¢ C+BcA+t+B8B. Since A+ B is weakly compact and 
convex, eon dine to Troyanski [43, Cor. /],we have co st exp (A+B) = 
A+B and so A+ B= C+ 8. Thus,A = C by the cancellation law in 

[18, lem. 1] whence A = co st exp p A. The result now follows from 


Milman's theorem. 


Since ext A contains the sets st ext A, exp A and st exp A, 
and st eXPp, A is contained in each of ext, Ay St ext, A and exp, A, we 
have 
COROLLARY 6.5.1. If A and B are two weakly compact convex sets in X, 
then ext, A is a weakly dense subset of ext A, and the same holds on 


replacing ext by exp, st exp and st ext. 


A 


, 


give 32 2% 08 lite 4A pax Ye = a Speedy ovidsogear # te a _ey a 


| a aad He a =a) ae xa ae 
- (% + ‘) qxe Je Go ‘ole ow AT 200 bey iteringostt ts tn, i ue ‘cand 


; # ar oiieg iwi indies ME avi a7 y ‘ae se ” sate mi aa Y| 


A gies a Deas Hon a 
west ato 62. A 2a isi 
ie ka IA). ai Ee 

eM -reusgatinis soni oe on os age ia mh 


r=" = 


pot efo2 eovnod J segien grike ows ‘ound wa oF ah 


A tee Ao honda # ganah (Daa. 6. ai A at be et * my: * ° 

za : ry . ; P oo ot * ’ See he . ; 9 rie i ta 

a+ = @& #A Seths aYOrY berdkt iba ee ite an i oo tel "ees 
bis A >. Jelno e7eily Pa «(a oF ~ qeo, 22 3 3! a nace 


Cignemia 'X o 'x eek rouse? afer +6 = % tga itove 


enaique Yignowta ‘x, sada vitesse Leabet nay 15 i. ti a sak 


$y dboe 2 2h .4 > 9 ; ao Pd ge 21a upapssuis 
ovat auch > O Bambe blk of bY ede 5 pent i ame 


be. Jnaquos ubtowisy: w i * A esane | “A > ss ‘a 2° “(8 mS ) ‘. 


=e 


Ni s F 
ee 


nt wnt to kanhdsonga ‘oda 9 = Aydt a, i eae iat 
wots mot er von *Fhdaes, OnE WA “ 12 oo) =e asa al 


*. = = a a 


nee . oe, 


ei 


yr 


7 v4 
i. 
ha aM 


Ps 


on ‘ Pos int oa 


A qxe 9@ bon A gas A sxe Ja ajae aa ‘thindoos N per ie: 


S = 


ou A qv —_ A ~ te: of, a* te dgap he niin ane ek ie M: tai, 


2 _ i. ; : rm | 
pat ait eal ry : : wh ; 7 si H 
- i" 2 Cree wpebthe § pe | ex te ae ae 


» iw slot mas mde Wei Kayo ee tandve eis tes iis. 


or 


i - “Nip a SR 1s 
> 7) onl y ist ; eh Pie Ba E Mees ays | et a oe 
- : . E 7 (tes a ; Lvs 5 ni ts 


LEMMA “6.6, ff Vo: A +X is a measure and A « A, then we have 


iv(Bia- AY ¥ VCE) « exp v(A)} ¢ exp v (A) El{y(EM A) : vCE) ehexpy(A)}. 


Proof: Let K= co vA), K = co v (A) and [ie co vac (A). Then by 
Proposition 6.3 we have exp v(A) = exp K and exp vA) = @Xxp K: To 
prove the first inelusion, let’E < A bé such that v(E) « exp K, It 


icveasy to see that K = KO + K, and that an’x' «© X* exposes’ K at 


a3 2 
v(E) if and only if_it exposes K, at vCE m A) and Ky ab we 0 A‘) 
respectively. Thus v(E n A) € exp Kis 
Tolprove the second inelusion, let x, “<« exp K Then there 


1 Ny 


exists an x' ¢« X' which exposes K at x,. Let 


Kis aii ieee Kes (seus ie max 37 1(K).)’, 


and 


K , = tere ck 


24 (x,x') = max x'(K,)}. 


2 . 
It is easy to see that max x'(K) = max x' (K,) + max x'(K,), and since 
1 


x exposes Ky at X19 it follows that Ke = X) = adet Since Koa 


is weakly compact and convex, it has some extreme point y, and it is 


equally an extreme point of K (see, e.g. [18, lem. 2]). Then there 


exists x, € ext K ; such that -y = x."+°x>. According eo Corollary 

2 vie a i 2 
Aibaly there textst "PE "GteHA, ke AS Gyc A® such that x, = v(F) and 
X= v(G). 


As noted in the proof of Proposition 5.5, exp K is norn- 
dense in ext K, and so there exists a sequence ty 3 in exp K converging 
to y. According to Corollary 5.1.1. there exists H| « A such that 
ve VG) for each n. AsiT ous (ow*) >> Cow) is: biquotient, there 


exists, as in the proof of Lemma 5,4, a subsequence {vl )} of 
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Since the operation (A,B) + An B is continuous on A x A relative to 
the product topology [16, p. 168] we have Ht (aoe CF Ue Gia A sak, 
Due to the continuity of v,we get [|v Gia A) - v(F) | | > 0. Sines 
v(H) € exp K for every m, it follows that x, = v(F)e{v(E n A) 


v(E) « exp K} , completing the proof. 


THEOREM 6.7. Tf exp v(A) is weakly closed, then for every Ae A, 
we have 


exp v 6A) = {v(E n A) ;: v(E) «€ exp v(A)}. 


Proof; According to Lemma 6.6 it suffices to prove that the set on the 
right hand side is norm closed. Let VE) ¢€ exp v(A) for every n and 
suppose that |v, n A) - x| | + 0. The set exp v(A) is. by hypothesis, 
a weakly closed subset of the weakly compact set K, and so it is weakly 
compact. Since the norm and weak topologies coincide on exp v(A) by 
Lemma 5.4, this set is further norm compact. Hence there exists a 
subsequence {v(E,)} of {v(E) 3 converging in the norm to some v(E) « 


exp v(A). As in the previous proof,. there exists a subsequence 


tvG,)3 of {v(E,)} such that ibe eceala i aU, ee oe > By and. se, 
j 


as before, E, nA»>EnA. As v is continuous, we have 

J 
|lv@, n A) - v(E n A)|| > 0. But then, by hypothesis, [|v qa A) = x|| 
+ 0, and so we have x = v(En A). Since v(E) « exp v(A), this completes 


the proof of the theorem. 


Remark: When exp v(A) is not weakly closed, the above theorem need not 


hold even for a finite dimensional measure. Let v4 be a non~atomic 
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measure defined on’*the Gurvalgebra of Borel subsets. of A =, [0,1], 
7 ae | ree i ¢ 2 an es r4a4 Re 
whose range is the closed omit disk in R (see Rickert [36]), and let 


v, be another non-atomic measure defined on the go ~ algebra of Borel 


2 
subsets of B = [1,2] whose range is the segment from (0,0) to (1,0). 
Let A be the co - algebra of Borel subsets of [0,2], and define the 
measure v : A > ae by v(E) = nee n A) + V(E nB), Ee« A. The range 
of v is the convex hull of {x : |x| At es |x - 1| Sih. ow, 
(0,1) is an exposed point of v 6A) and it is easy to see that (0,1) 


is not of the form v(E n A) for any exposed -point v(E) of the range 
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7. Residuality of exposing functionals. In this section X is assumed 
to be Banach up to theorem 7.2, and in Propositions 7.3 and 7.4 itis 


quasi-complete. If K is a weakly compact convex set in X, we let 


| et lo so a RO Go 39) 


2 maxes’ (K)} , 


and we define p, : X' > R to be the map 


p(x") = diam Ko A ee NC ES 


LEMMA 7.1. For any weakly compact convex set K, the map Px is 


continuous at every x' in X' which strongly exposes K. 


Proofs: Let ’x' €°X' be a strongly exposing functional of»K.), Then Ko 
is a singleton and so Py Gx") = 0. Suppose that Py is not continuous 
at x*eoeThen!therevexists! ci>i0Q anda sequence {x "} converging to x' 
for which oy") > e for every n. Thus, for each n, there exist a, 


and bo in Kt such that la, = b oh iJ 2)yveX 
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theorem [40, p. 187],a subsequence {a_ } which converges weakly to some 
it 
point a in K. Similarly, {b_ } contains a subsequence {b } which 
. ils 
ak 1, 
4 
converges weakly to some point b in K. Let us denote the sequences 
fa. } and {b | }isimply by{a,} and {b,}'. Since lela k % xo Oy 
ry a, : se y 
J J 


and K is bounded, we have sup aan 3 ~ x" (x) | > 0. Hence the sequence 
xeK 


ergsoa of compact intervals converges to the compact interval x'(K) 
im the Havsdorrr metrics, If 8 = sup x" CK) and 8 = sup x'(K), then we 


have B + B. Moreover, 


Ix,'(@,) - x'(a,)| < sup {[x,' (x) Sree: kee Kyi 0. 


IESE > a weakly, we have ae > x'(a), whence, x,‘ (a) me ome (21) Bee 


But then, for every j,we have ae € K mugouthat Ay) = 8,, and so 
x, 2 J 
J 


x’ (ay ="lin’e. ="6.° Further, since any - xia )wand x stronely 
exposes K at a, we have a, - a| | = 0, | 

By a similar argument, one obtains x'(b) = 8 and |b, = b| |. 
> 0. Since x' exposes K, we have a = b, so that Ila, - b I = Ols 


contrary to the choice of a_'s and bs: Hence p, is continuous’ at-x’. 


THEOREM 7.2.° If K is a weakly compact convex set in X such that the 
set of one exposing functionals of K is dense in X', then the set 
of exposing functionals of K is residual in X'. 

Further, if every exposing functional of K is strongly 


exposing, then they form a G, set residual in X', 


Proof: Let C denote the set of points of continuity of Pier and let 
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OLE KOLAR Since X, is, hy hypothesis, dense in X' and P, vanishes 


at every point of at Py is zero at every point where it is continuous. 
Ss ¥ a 


V7 


But then x' exposes K whenever PG") = 0. We thus have, with the 
help of- Lemma 7.1, 
ee eC Cen Rint. 
S e 
Since the points of continuity of any real valued function 


form a G, set, Ae contains the dense G is residual 


5 set. C, and so X 


6 
in x. In tase ae c Xo" we have Ke = C, whence the second part of 
the theorem. 

In case of the range of a measure v, according to Corollary 
6.1.1 there exists at least one x,' € X' which exposes:v(A). For any 
Ouher*functional x” « “K"it Ws “easy “to verify (sée [39]) ‘that all but 


countably many elements in the segment from x,' to x' expose v{A), and 


so Sie is dense in X'. It was proved in Theorem 6.4. that Se c Xl. 


Hence’, the. above theorem gives 


COROLLARY 7.2.1. For the range of a measure, its exposing functionals 
form a residual Gs set in X'. 

With the help of Lemma 6.1, this corollary yields in turn. 
COROLLARY 7.2.2. (Walsh [47]) For every measure v, those x' « X' for 


which x'ov = v form a residual Ge eet. ano X 


Since the intersection of countably many residual subsets of 


x is"again residual in X", we further obtain, 


COROULARY.. 7.2.3. (rewnowskiitiil, th. 3.4]) If iv} is a sequence of 
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Remark: The theorem of Walsh, or even Rybakov's theorem, does not 

hold in general when X is not Banach. In fact there exist even con- 
trolled measures with values in a separable Fréchet space for which 
Rybakov's theorem does not hold. Let, for example, X be a product of 
countably many copies of the real line with the product topology, 

S = [6,2], A be the o - algebra of Borel subsets of Sand ae = ( $n ; sa=1] 
SOG new. Por every Be A. let. v(E) = QE n SRE ae : 

where } is the Lebesgue measure on A. Then v : A> X is a measure 


controlled by and, clearly, v(A) = K = Tl [O, Sal . As observed 
n=] 


by Klee [22, p. 96], K has no exposed points. It follows from Lemma 6.1 


that Rybakov's theorem cannot hold for this v. 


From now on we assume X to be quasi-complete. Let X, be the 
linear span of K and X,' be the dual of X,. The Mackey topology 
m(X,',X.) for the duality (X,,X,') is the topology of uniform convergence 
on convex, circled and o(X,.,X.') - compact subsets of X, [20, p. 173]. 


The polar of a set A © XK, is defined to be the following subset of X,': 


x = {x' « X,' ; sup | (x,x") | a bse 


xEA 
We prove the following proposition for the existence of a 


bounded Mackey-neighborhood of zero in X,' needed in the next one. 


PROPOSITION “7234. Lfiv = A > x is a controlled measure, then the 


space (X,',m(X,",X.)) is normable. 
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Proof: Let v have a control measure }. As X is quasi-complete, K is 
o(X,X') = compact, and so according to the Hahn-Banach theorem, K is 
equally o(X,,X,") ~ compact. Thus KS = K = K is convex, circled and 


o(X,,%.') = compact.  The.set V = K 8 


1 is therefore a zero neighborhood 


for the Mackey topology on X,'. It will suffice to prove that V is 

Mackey-bounded, for then (X,‘',m(X,‘,X,)) will be normable [20, p. 44]. 
Since v = 4, we have Oooo LOR every Se and we 

identify es with its Radon-Nikodym derivative with respect 

tb Aw Uetine — 3 Xe. + LQ) by f£(x') = a forvevery’ x € exe. “and 

let the range of f be denoted by L,. We claim that f(V) = S., where 

S,. is the closed unit ball of L., and that f is one-to-one. 
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For every x' ¢ X,‘' we have 


(1) PEG Tt t= [Per Sy ayes, MMe, Preesapy ada") [9 


xeK) 


whence x' «€ V if and only if Hf@ ||, = 1 and ecopt (Vet Se. 
Further, if £(x') = 0, then x' vanishes on the range of v. Since the 
linear span of v(A) is all of Xo, x' = 0, and so f is. one-to-one. Thus, 
g=f Dane aimap Grom Leeovtonx..'s 

Next, we claim that g is continuous relative to the o(L, »1,) 


topology en Lo and the o(X,',%.) = tepology on X,'.) Let 


m 
Wi = alate 5 4 |e jx!) los 1 where aS Ky, for each jw Since K 
= J 


is weakly compact, T(P) = K (see 62) TQ) is then the linear span of K, 


and so is equal to Xo. Thus, .for.every j, there exists an element F 


of 1. such thet x, = f %, dv. Then 
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is clearly a o(L,5b.) - neighborhood of zero in L,. If Mavis U, since 
BCs) = x', for each j we have cue) ie o Vy ae ii ne a dv ots 


so that x* 


éeW, i.e. g@) © W. Hence g is continuous. 
Since S. = £(V) is bounded and g is one-to-one, linear and 


continuous, V = g(S,) is o(X,',X,) - bounded, and so Mackey~bounded. 


This completes the proof of the proposition. 


PROPOSITION 7.4, If X is quasi-complete, those x' in X,' that expose 
the range of v are residual in every bounded m(X,',X.) - neighborhood 


of zero that constitutes a Baire space. 


eroot. Let £, V, 5, and bo be as in the previous: proof. .As we saw 
there, we have f£(V) = S,., and so f is continuous relative to the 
Mackey-topology on X,' and the Ly - norm topology on its range Lo. 
Let W be a bounded Mackey-neighborhood of zero (the existence of 
which follows from Proposition 7.3) that constitutes a Baire space, 
and let K' = £(W). Then according to Walsh [47] the set of all 

x2' cbWeforewhich Res a<ay es for every x'.¢« W is geese dual Ge 

in W, and since.W is absorbing, we. have v_, ee for every xo. x 


ieee vs for such x3. The conclusion now follows from Lemma 6.1. 
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